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Abstract: A novel non-minimal interaction of neutral right-handed fermion and abelian
gauge field in the covariant Θ-exact noncommutative standard model (NCSM) which is in-
variant under Very Special Relativity (VSR) Lorentz subgroup, opens an avenue to study the
top quark pair production at linear colliders. Here the non-minimal coupling is denoted as κ
and the noncommutative (NC) scale Λ. In this work, we consider two types of analysis, one
is without considering helicity basis technique and another, considering helicity of the initial
and final state particles. Further, the realistic electron and positron beam polarization are
taken into account to measure the NC parameters. In the first case, when κ is positive and
certain values of Λ, we found that a specific threshold value of machine energy (optimal en-
ergy in the units of GeV)
√
s0 (' 2.52 Λ+39 ) may be quite useful to look for the signature
of the spacetime noncommutativity with unpolarized beam. The statistical χ2 analysis of
the azimuthal anisotropy which is due to broken rotational invariance about the beam axis,
is quite possible when κ takes negative value 0 > κ > −0.596 which persuade a lower limit
on NC scale Λ (1.0 to 2.4TeV) at κmax = −0.296 with 95% C.L according to luminosity
ranging from 100 fb−1to1000 fb−1 at machine energy
√
s = 1.4TeVand 3.0TeV. In an-
other case, we perform detailed analysis for the polarized and unpolarized electron-positron
beam to probe spacetime noncommutativity in light of following observables like azimuthal
anisotropy, helicity correlation, and top quark helicity left-right asymmetry. The polariza-
tion of the initial beam {Pe− , Pe+} = {−0.8, 0.3}({−0.8, 0.6}) enhances the ranges of lower
limit on Λ, i.e. 1.13 to 2.80TeV at κmax alongside the κmax enhanced into −0.5445 (−0.607)
95%C.L accord with luminosity and machine energy. Finally, we studied the intriguing
mixing of the UV and the IR by invoking a specific structure of noncommutative anti-
symmetric tensor Θµν which is invariant under translational T (2) VSR Lorentz subgroup.
Keywords: UV/IR mixing, Very special relativity (VSR), Top quark pair production,
Optimal collision energy, Azimuthal anisotropy and Helicity correlation.
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1 Introduction
After the discovery of the Higgs boson (the only missing link of the standard model) at the
Large Hadron Collider (LHC) at CERN, the Standard Model (SM) of Particle Physics, de-
spite its inability of explaining the higgs hierarchy problem, neutrino mass problem, baryon
asymmetry etc, is now widely believed to be a low energy effective field theory. Now if there
is physics beyond the standard model (BSM), it is expected to show up at the TeV energy
colliders i.e. at the LHC or at the upcoming electron-positron Linear Collider. Among
the class of BSM models, supersymmetry, extra dimension, space-time noncommutativity
are found to be quite interesting because of their rich phenomenological content. A host of
phenomenological investigations have already been made and are available in the literature.
The gravity which becomes strong at the TeV energy scale in large extra dimensional
model [1, 2], makes the spacetime noncommutative (i.e. fuzzy) at the TeV scale. The
signature of the TeV scale spacetime noncommutativity can be found at the TeV energy
electron-positron linear collider or hadron colliders. Snyder’s pioneering work [3] and the
recent advancement in low energy string theory manifests the fact that spacetime can
be noncommutative [4–7] and it has generated a lot of enthusiasm about the TeV scale
– 1 –
spacetime noncommutativity among the particle physics community. In 1996, Witten et.al.,
[8, 9] has suggested that one can probe the stringy effects by lowering the threshold value of
noncommutativity to TeV, a scale which is not so far from present or future collider energy
scale.
Now at high energy when gravity becomes strong, the spacetime coordinates become
an operator xˆµ. They no longer commute, satisfying the algebra
[xˆµ, xˆν ] = iΘµν =
icµν
Λ2
(1.1)
Here Θµν (of mass dimension −2) is real and antisymmetric tensor. cµν is the antisymmetric
constant and Λ, the noncommutative scale. In the noncommutative space, the ordinary
product between fields is replaced by Moyal-Weyl(MW) [10–12] star(?) product defined by
(f ? g)(x) = exp
(
i
2
Θµν∂xµ∂yν
)
f(x)g(y)|y=x. (1.2)
In the theoretical point of view, it is expected that the spacetime noncommutative (NC)
field theories should reduce into a commutative field theory when Θ → 0 or whenever the
momenta of the field quanta are much smaller than 1/
√|Θ|. Although such naive expecta-
tion is valid at tree level interaction but it suffers by infamous UV/IR mixing phenomenon
at the loop level which is shown by Filk and Minwalla in [13–16] respectively. The UV/IR
mixing arises due to non-planar Feynman diagram at loop level, precisely due to Moyal
phase. But in the NC gauge theory, the expansion of Moyal star product between fields
breaks the invariance of the truncated action. Seiberg and Witten [6] formulated a map
as a power series of Θ which relates the NC gauge theory and commutative gauge theory,
thereby the NC action is gauge invariant at any order Θ. There are two types of map which
are, the expansion of Θ with keeping gauge field all order and the expansion of gauge field
with keeping Θ all order namely Θ-expanded and Θ-exact Seiberg-Witten map (SW map)
respectively. The Θ-expanded SW map for matter field ψ, gauge field Aµ are written as a
power series of the noncommutative parameter Θ as follows [5, 6, 8–12]
ψ̂(x,Θ) = ψ(x) + Θψ(1) + Θ2ψ(2) + · · · (1.3)
Âµ(x,Θ) = Aµ(x) + ΘA
(1)
µ + Θ
2A(2)µ + · · · (1.4)
The second order (e2), third order(e3) and further expansions of Θ-exact SW maps are
rather complicated than Θ-expanded SW map construction due to gauge structure degrees
of freedom [19]. In the Θ-expanded approach, the NC theory is renormalizable in linear or-
der at one-loop level [15]. In the Θ-exact SW map approach, the UV/IR mixing is related to
phase factor of distinctive star product between commutative fields. The phenomenological
implications of the Θ-exact SW map and properties of UV/IR mixing pursued extensively
in ref [20, 21]. There are enormous amount of work has been done considering Moyal-Weyl
(MW) approach [15, 32–37] as well as Seiberg-Witten Map approach [38–47] in order to
remove the UV/IR mixing. The role of supersymmetric Yang-Mills theory in the noncom-
mutative UV/IR mixing [17, 18, 22–24] were extensively scrutinized to overcome the diver-
gences which appeared in the field non-local interaction. Other class of NC theories namely,
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non-geometric theories like κ-Minkowski spacetime and Snyder spacetime also exhibits the
UV/IR mixing at one-loop level [25, 27, 28]. In general, the UV/IR mixing is the universal
property of all NCQFT. But in the ref [26], it is shown that the truncated κ-deformed
action does not possess the UV/IR mixing due to implementation of the κ-deformed star
products in the κ-Minkowski spacetime which evades the integral measure problems. On
the contrary, in the Snyder-type star product in the Snyder spacetime, the φ4 interaction
breaks the translational invariance as well as it celebrates the UV/IR mixing at the one-loop
tadpole contribution to the two-point function [27, 28]. The non-associativity induces such
UV/IR mixing in the Synder NC scalar field theory in both momentum-conserving as well
as momentum-nonconserving approach. Moreover notwithstanding the UV/IR mixing, the
covariant Θ-exact NC theory [73] has cosmological implications on the decoupling/coupling
temperature of right-handed neutrino at the early universe [77–79] as well as primordial
nucleosynthesis [75] and ultra high energy (UHE) cosmic ray experiments [76].
In the phenomenological point of view, based on the MW approach, the Moller scat-
tering, Bhabha scattering and electron-photon scattering were first studied in ref [51, 52].
The processes γγ → e+e− and γγ → γγ were investigated in [53, 54]. A review on NC
phenomenology is available here [55]. A lot of NC phenomenology using the Seiberg-Witten
technique is available. Calmet et.al., [56, 57] first constructed the standard model in the
noncommutative spacetime, which is the minimal version of the Noncommutative Standard
Model (mNCSM). There exists another version, called non-minimal version of NCSM i.e.
nmNCSM [58] in which besides the usual mNCSM interaction vertices, a host of new ver-
tices e.g. triple neutral gauge boson vertices also arises which are found to be absent in
the mNCSM and of course in the SM. These new vertices lead to several interesting decays
e.g. Z → γγ, gg which are forbidden in the SM. These were studied in [67–71]. In the
SW map approach, ref [59] first investigated the neutral vector boson (γ, z) pair produc-
tion in the noncommutative spacetime at the LHC and they obtained the bound on the
noncommutative scale Λ ≥ 1 TeV. The W± pair production [60] also studied and found
that the azimuthal distribution is oscillatory corresponding to ΛNC = 0.7 TeV, which dif-
fers significantly from the flat distribution obtained in the SM. Recently, in [61] the single
top quark production at LHC found that the cross section deviates significantly from the
standard model for ΛNC ≥ 0.98 TeV. We first studied [62] the impact of mNCSM on the
top quark pair production in the expanded SW map approach at electron-positron linear
collider considering the effect of earth rotation. The impact of mNCSM on Higgstralung
process in linear collider studied by us using Θ-exact SW map in [63]. For the first time,
the Drell-Yan process in the nmNCSM, we investigated the exotic photon-gluon-gluon and
Z-boson-gluon-gluon interaction at the LHC and obtained ΛNC ≥ 0.4 TeV [64]. In the
present work we study the effect of spacetime noncommutativity on the pair production of
top quarks production using helicity technique in the TeV energy electron-positron collider
within the context of covariant Θ-exact NCSM. We predominantly focusing on certain cen-
ter of mass energy of the electron-positron collision which is future plan of the CLIC[65, 66].
The content of the paper is as follows. In Sec.2, we briefly describe the covariant Θ-exact
NCSM and the Light-like noncommutativity from Cohen-Glashow’s Very Special Relativity
(VSR) theory. We further obtain the cross-section of the top quark pair production in e− e+
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collision in the Θ-exact NCSM. In Sec.3, we studied the cross-section of the top quark pair
production in e+ e− collision by constructing the NC observables ∆σ and obtaing bounds
on them, finding thus the optimal collision energy, for a given κ and Λ respecticely, at
which one should look for the signature for spacetime noncommutativity. We also discuss
the azimuthal anisotropy and investigate its sensitivity on the NC scale Λ and the non-
minimal coupling κ. We performed detailed helicity analysis for tt production at Sec.4.
From top quark and anti-top quark helicity correlation and left-tight top asymmetry, we
obtain constrain on Λ for different κ values, we also performed the polarized beam analysis to
obtain lower bound on Λ. In Sec.5, we summarize and conclude. In appendix, we have shown
that the removal of UV/IR mixing and UV divergence free neutrino self energy correction
in the Θ-exact NCSM by choosing VSR T(2) invariant Θµν . Finally, we have presented
the matrix element expressions for top pair production with and without considering the
helicity amplitude analysis.
2 Covariant Θ-exact Noncommutative Standard Model (NCSM)
The construction of NCSM is based on enveloping the SU(N) Lie algebra via Seiberg-
Witten map. The SW map is a map between the NC fields and commutative spacetime
fields which satisfies the gauge equivalence principle and gauge consistency principle. The
power series expansion of the noncommutative tensor (Θµν) known as Θ-expanded SW
map and power series expansion of the gauge field (V µ) namely Θ-exact SW map. In
the Θ-expanded SW map approach, the fields are expanded like order by order Θ but
it perpetuate in all order gauge field. Similarly, in the Θ-exact SW map, the fields are
expanded order by order gauge field but it accommodate all order Θ terms. The Θ-exact
SW map has few advantages while deriving tree-level SM field interaction by keeping terms
up to the order O(V µ) as well as the renormalized field, coupling and mass up to one loop.
In the NCSM, the Higgs scalar field Φ̂ is a functional of two gauge fields and it transforms
covariantly under gauge transformation. Eventually, Higgs scalar field takes hybrid SW
map and hybrid gauge transformation to preserve the gauge covariant Yukawa terms in
the Yukawa sector. So the Higgs scalar field can couple with left-handed and right-handed
SM fermions via the "left" charge and the "right" charge of the fermion. However, the
scalar field is not a different particle, in contrast, it has different NC representation of SW
map[72]. Extending this approach to the gauge sector as well as fermion sector, we get
the hybrid SW map for fermion fields and gauge fields[73–76]. One can derive the Θ-exact
hybrid SW map for NC fields which are given as follows,
Fermion (lepton) hybrid Seiberg-Witten map:
Ψ̂L = ΨL − Θ
µν
2
(
g AaµT
a + YL gYBµ
) • ∂νΨL −Θµν κ gY Bµ ~ ∂νΨL +O(V 2)ΨL
l̂R = lR − Θ
µν
2
(YR gYBµ) • ∂ν lR −Θµν κ gY Bµ ~ ∂ν lR +O(V 2)lR
ν̂R = νR −Θµν κ gY Bµ ~ ∂ννR +O(V 2)νR (2.1)
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The gauge transformations are defined as
δ
Λ̂
(
ν̂L
l̂L
)
= i gY
[
(YL + κ)Λ̂ ?
(
ν̂L
l̂L
)
− κ
(
ν̂L
l̂L
)
? Λ̂
]
δ
Λ̂
l̂R = i gY
[
(YR + κ)Λ̂ ? l̂R − κ l̂R ? Λ̂
]
(2.2)
Here κ is the fermion non-minimal coupling, Λ̂ is NC gauge parameter and YL, YR are
lepton hypercharges and g, gY are the SU(2)L, U(1)Y gauge couplings, respectively. The
gauge potential V µ, defined by the SM group GSM = U(1)Y ⊗ SU(2)L ⊗ SU(3)C , can be
written as
Vµ(x) = gY Y Bµ(x) + g
3∑
a=1
T aLA
a
µ(x) + gs
8∑
b=1
T bsG
b
µ(x).
The products (used above) are defined as
f ? g = f
(
e
i
2
←−
∂ µΘµν
−→
∂ ν
)
g ; f • g = f
(
e
i
2
←−
∂ µΘµν
−→
∂ ν − 1
i
2
←−
∂ µΘµν
−→
∂ ν
)
g ; f ~ g = f
sin
(
1
2
←−
∂ µΘ
µν−→∂ ν
)
i
2
←−
∂ µΘµν
−→
∂ ν
 g
(2.3)
In the equation(2.3), Θµν is the constant antisymmetric tensor which can have arbitrary
structure. Upon imposing some special spacetime group symmetry such, one can get par-
ticular conserved symmetry quantity which may reduce certain degrees of freedom in the
choice of representation of Θµν .
2.1 Light-like noncommutativity from Cohen-Glashow VSR theory
The Poincare group symmetry is the fundamental symmetry in high energy particle physics
which is postulated by special theory of relativity. At high energies (say over the Planck
energy), it is believed that the usual description of the space-time is typically no longer
valid, the Lorentz symmetry is violated over the minimal length scale. Hence one cannot
have full Lorentz symmetry group at such minimal length scale, which is required to be
extended at such minimal length scale (high energy).
In the minimal Cohen-Glashow Very Special Relativity (VSR) theory[80], the VSR sub-
groups are defined under certain symmetry with space-time translation and 2-parametric
proper subgroup of Lorentz group SO(3, 1) whose generators are Kx + Jy and Ky − Jx.
Here K and J are the generators of boost and rotation, respectively.
The representation of the VSR subgroups are the representation of the Lorentz group in-
stinctively but not vice-versa. The VSR subgroups are T (2), E(2), HOM(2) and SIM(2),
respectively. Here, T (2) is the 2-parametric translation group on two dimensional plane.
The group generators are T1 = Kx + Jy and T2 = Ky − Jx which satisfy [T1 , T2] = 0.
The subgroup E(2) is the 3-parametric group on two dimensional Euclidean motion with
T1, T2 and Jz as the group generators. The subgroup HOM(2) is the group of orientation-
preserving similarity invariant group or Homotheties group. The generators of HOM(2)
group are T1, T2 and Kz. Finally, SIM(2) is the 4-parametric isomorphic group of simili-
tude group and the group generators are T1, T2, Jz and Kz.
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Among the four VSR subgroups, T (2) is the only sub group which admits Lorentz
symmetry on the noncommutative tensor Θµν in the Moyal space. The invariant condition
can be written as [81–83]
Λµi αΛ
ν
i βΘ
αβ = Θµν (2.4)
where the T (2) subgroup elements are Λ1 = eiξT1 and Λ2 = eiχT2 and the infinitesimal
transformation gives
Tµi αΘ
αν + T νi βΘ
µβ = 0 (2.5)
One can construct two quantities in the Moyal space which are related to noncommutative
scale and smallest volume of the spacetime as follows
ζ4 = ΘµνΘ
µν L4 = αβµνΘµνΘαβ
Depending on the choice of ζ and L, we can classify the noncommutativity[50]. We are
interested in which ζ4 = 0 and L4 = 0 namely, light-like noncommutativity.
ζ4 = ΘµνΘ
µν ≡ 0; L4 = αβµνΘµνΘαβ ≡ 0; (2.6)
Interestingly, the choice of ζ4 = 0, Θµν removes the UV/IR mixing as well as UV divergences
typically in the Θ-exact SW map noncommutative field theory which we showed in the
appendix A.1. By imposing the condition(2.5) and ζ4 = 0, we get the solution
Θ0i = −Θ3i i = 1, 2. (2.7)
The elements of the T1 and T2 are (T1)01 = (T1)10 = (T1)13 = i, (T1)31 = −i and
(T2)
0
2 = (T2)
2
0 = (T2)
2
3 = i, (T2)
3
2 = −i. Finally, we obtain the light-like noncommu-
tative antisymmetric tensor (ΘµνΘµν = 0)as follows
Θµν =
1
Λ2

0 −a −b 0
a 0 0 −a
b 0 0 −b
0 a b 0
 (2.8)
The above Θµν although breaks the rotational invariance but it preserves translation sym-
metry which is invariant under T (2) subgroup. There are two real free parameters a and
b and one can assume b = 0 (or a = 0) for the sake of simplicity. We have taken the fol-
lowing structure of Θµν , which admits azimuthal anisotropy by virtue of broken rotational
symmetry. Eventually, it reduces the computational complexity in the removal of UV/IR
mixing in the NC field theory as well which shown in the appendix A.1.
Θµν =
1
Λ2

0 −1 0 0
1 0 0 −1
0 0 0 0
0 1 0 0
 (2.9)
The above mentioned antisymmetric tensor (2.9) is the class of light-like, but we follows
(0, 1, 2, 3) basis instead of light-cone basis(+,−, 1, 2).
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2.2 Top quark pair production in the Covariant Θ-exact NCSM
The non-zero commutator of the U(1)Y abelian gauge field and SM fermion provides the
non-minimal interaction in the background antisymmetric tensor field. Such type of back-
ground tensor interaction equally acts on the SM fermion field e.g. quarks, leptons or left
handed, right handed particle, irrespective of their group representation. In this scenario,
although the neutral current interactions get modified, the charged current interaction
doesn’t. The electroweak covariant derivative of the Θ-exact NCSM can be written as
follows
DµL Ψ̂L = ∂µL Ψ̂L − ig ÂaµLT a ? Ψ̂L − i(YΨL + κ) gY B̂µ ? Ψ̂L + iκ gY Ψ̂L ? B̂µ(2.10)
DµR Ψ̂R = ∂µR Ψ̂R − i(YΨR + κ) gY B̂µ ? Ψ̂R + iκ gY Ψ̂R ? B̂µ (2.11)
where κ is the non-minimal coupling of the fermion. The equations (2.10,2.11) contain terms
that comprises the neutral fermion interaction (gauge-invariant) with the SM photon. A
detailed study on the photon-neutrino interaction and its related phenomenology can be
found in [47, 74].
One can derive the Feynman rule from the lepton action[73, 84–86] by using equation
(2.10,2.11) and equation (2.1) as follows
Photon-Fermion-Fermion interaction:
ieQf γµ +
e
2
{
iQf F˜•(pi, po)− 2κ F˜~(pi, po)
}[
(poΘ)µ(/pi −m) + (/po −m)(Θpi)µ + (piΘpo)γµ
]
(2.12)
Z boson-Fermion-Fermion interaction:
ie
sin 2θw
γµ(Cvf − Cafγ5) +
ie
sin 2θw
{
i
2
F˜•(pi, po)
}[
(poΘ)µ(/pi −m) + (/po −m)(Θpi)µ + (piΘpo)γµ
]
(Cvf − Cafγ5)
+ κ e tan θwF˜~(pi, po)
[
(poΘ)µ(/pi −m) + (/po −m)(Θpi)µ + (piΘpo)γµ
]
(2.13)
Here F˜•(pi, po) = 2( e
i(piΘpo)/2−1
ipiΘpo
) and F˜~(pi, po) = 2(
sin((piΘpo)/2)
piΘpo
), pi and po are the ingoing
and outgoing fermion momenta towards vertex. Also piΘpo = p
µ
i Θµνp
ν
o and θw is the
Weinberg angle.
Let us consider the top-quark pair production process in electron-positron which proceeds
via the S-channel exchange of γ and Z bosons i.e. e−e+
γ/Z−−→ tt. The processes we consider
are the tree-level processes and the external particles are on-shell. Applying the equation of
motion to the external particles and using Θµν (given in equation 2.9), the Feynman rules
are simplified as
i eQeγµ (2.14)
i e
sin 2θw
γµ(Cve − Caeγ5) (2.15)
for γ − e− e and Z − e− e interaction vertices, respectively. Because of the specific choice
of Θµν (equation 2.9), we find p1Θp2 = 0 and other momentum dependent simply vanishes
– 7 –
Figure 1. Feynman diagram for top quark pair production at linear colliders
by virtue of the equation of motion and the result turns out to be equivalent to the SM
interaction. Here Qe is the electron charge and Cve and Cae are the vector and the axial-
vector coupling of the electron with the Z boson. On the other hand p4Θp3 6= 0, and we
get
i eQtγµ e
i
p4Θp3
2 − 2κ e γµ sin
(
p4Θp3
2
)
(2.16)
i e
sin 2θw
γµ(Cvt − Catγ5) ei
p4Θp3
2 + 2κ e tan θw γµ sin
(
p4Θp3
2
)
(2.17)
for γ − t − t and Z − t − t vertices respectively. Here Qt is the top quark charge and Cvt
and Cat are the vector and the axial-vector couplings of the top quark with the Z boson.
Note that Cvf = T3f − 2Qfsin2θw and Caf = T3f , where f = e, t.
Top pair differential cross section
The top pair production proceeds via the s channel exchange of photon(γ) and Z boson
and the tree level Feynman diagrams are shown in the Fig.1. The total noncommutative
differential cross section can be written as
dσNC
dΩ
=
dσγ
dΩ
+
dσZ
dΩ
+
dσγZ
dΩ
.
The detailed calculations of NC differential cross section are given in the appendix A.2.
The signature of the noncommutativity arises due to the term p4Θp32 =
(
s β
4Λ2
)
sin θ cosφ.
Here θ is the polar angle which is defined with respect to the electron beam axis i.e along
the z-axis and φ is the azimuthal angle. Since dσ
NC
dΩ is proportional to the momentum Θ
weighted product p4Θp3, the azimuthal distribution possibly throw some light for probing
the fermion non-minimal coupling κ as a noncommutative signal.
3 Inferring the Θ-exact NC coupling κ and NC scale Λ
The Θ-exact covariant non-minimal coupling κ appears linearly in the differential cross sec-
tion expressions from equations A.12-A.17, while the NC scale (Λ) arises in the argument of
the oscillatory function. In fact, there is no correlation between the non-minimal coupling κ
– 8 –
and the NC scale Λ. To see this, let us consider the photon mediated process,the differential
cross section of which is given in equation A.12. It has the term 4κ(κ+Qt). Notice that,
the NC contribution will vanish either for κ = 0 or κ = −Qt for all values of Λ. In the
V −A vertex, direct and interference terms of the differential cross-section, the coupling κ
appears as a linear function. To analyze the noncommutative effect, we next construct the
NC correction observable
∆σ = σNC − σSM
In Fig.2, we have made the contour plot in the plane of κ and Λ corresponding to different
∆σ values which ranges from 10% to 30% correction with respect to SM cross section
Δσ=-26.34 fb(30%)
Δσ=-17.56 fb(20%)
Δσ=-8.78 fb(10%)
Δσ=0 fb
Δσ=0 fb
Δσ=8.78fb(10%)
Δσ=8.78 fb(10%)
Δσ=17.56 fb(20%)
Δσ=17.56fb(20%)
Δσ=26.34fb(30%)
Δσ=26.34 fb(30%)
400 600 800 1000 1200 1400 1600 1800
-1.0
-0.5
0.0
0.5
1.0
Λ (GeV)
κ
s =1.4TeV
Δσ=-5.82 fb(30%)
Δσ=-3.88 fb(20%)
Δσ=-1.94 fb(10%)
Δσ=0 fb
Δσ=0 fb
Δσ=1.94 fb(10%)
Δσ=1.94 fb(10%)
Δσ=3.88 fb(20%)
Δσ=3.88 fb(20%)
Δσ=5.82 fb(30%)
Δσ=5.82 fb(30%)
500 1000 1500 2000 2500 3000
-1.0
-0.5
0.0
0.5
1.0
Λ (GeV)
κ
s =3.0TeV
Figure 2. The figure depicts the correction in NC cross-section (∆σ in fb) with respect to the
standard model (σ1.4SM = 87.833 fb, σ
3.0
SM = 19.402 fb) in the presence of non-vanishing covariant
θ-exact coupling κ at CLIC for
√
s = 1.4 TeV (Left plot) and for
√
s = 3.0 TeV (Right plot)
respectively. Also shown the percentage of corresponding correction with respect to SM within the
brackets.
corresponding to the machine energy
√
s = 1.4 TeV and
√
s = 3.0 TeV, respectively. We
see that the lower bound on Λ increases with κ as long as κ is positive. From the plot, we
find that the NC contribution vanishes at κ = 0 and κ ' −0.596. This behaviour can be
understood from the photon mediated process whose contribution is the predominant one.
Here, specific domain of negative κ, exhibits the negative residual NC effects (∆σ = −ve),
null effects i.e. ∆σ = 0 and positive residual NC effects (∆σ = +ve) as shown in Fig.2 for
distinctive range of Λ corresponding to the machine energy
√
s = 1.4 TeV and
√
s = 3.0 TeV,
respectively. The negative residual cross section tells that the SM cross section is greater
than the NC cross section. So we can classify the κ parameter region as the region where
the coupling (κ) is positive, the residual cross section is positive and the region where the
coupling (κ) is negative, the residual cross section can be either negative, zero or positive.
The negative residual effect, bounded by the region κ ∈ [0,−0.596], gives rise a lower bound
– 9 –
on the NC scale Λ. In the negative κ region, as κ increases from 0 to κmax, for a given ∆σ,
the lower bound on Λ increases, and it then start decreases as κ varies from κmax up to
−0.596 it decreases the lower bound on Λ. For κmax = −0.298, one finds the lower bound on
NC scale as Λ ≥ 780(1680) GeV (at the machine energy √s = 1.4(3.0)TeV) corresponding
to ∆σ ∼ 10%. On the other hand the positive residual effects are monotonically increasing
(decreasing) effects in the region where κ ≥ 0 (κ ≤ −0.596).
3.1 Optimal collision energy
The positive residual region in the Fig.2 illustrates the monotonic behaviour of the coupling
κ with respect to the NC scale Λ, but it does not pinpoint where one can look for the NC
signature. In contrast, it is not easier to locate the NC signature by arbitrarily scanning
over the wide range of the collision energy. In Fig.3 (Left plot), the positive Kurtosis
distribution exhibits that the NC contribution in the top pair production cross section
first increases with the machine energy and then starts decreasing after a certain threshold
machine energy for a specific value of Λ at a fixed coupling κ. It is true for all value of
κ=0.3
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Figure 3. The left figure shows that the difference between NC total cross section and SM cross
section (∆σ = σNCSM − σSM ) as of a function of machine energy
√
s and right figure shows probe
of NC effects at optimum collision energy respectively.
Λ and κ. This machine threshold energy (also called the optimal machine energy) may be
quite useful to look for the signature of the spacetime noncommutativity. One can obtain
the linear relation by connecting all optimal collision energy (say
√
s0) for respective value
of the NC scale Λ for a given κ. The optimal collision energy expressions for different κ
value can be written as
√
s0 = 2.52151 Λ + 39.067 (κ = 0.1) (3.1)√
s0 = 2.52105 Λ + 39.443 (κ = 0.3) (3.2)√
s0 = 2.52107 Λ + 39.428 (κ = 0.5) (3.3)
Here the NC scale Λ and the optimum collision energy
√
s0 are in units of GeV. Notice that
the optimal collision energy abruptly follows 2.5 times (approx) the NC scale Λ. The Fig.3
(Right plot) shows that the allowed region (below line) of optimum lower limit of the NC
scale which is obtained by optimum condition. These optimum region are not necessarily
– 10 –
lower limit of the NC scale because the amount of NC cross section correction (4σ) is not
taken into account. Further, Fig.3 (Left plot) attains optimum point at certain value of
machine energy (
√
s) for each NC scale which is known as optimum lower limit. This is
the evident of the TeV scale spacetime noncommutativity which is residing under the line
2.5 Λ (approx). The positive value of κ doesn’t affect the optimal collision energy relation
but it plays an important role in the magnitude of the excess total cross section (see Fig.2).
We see that one requires the collision energy to be greater than the NC scale in order to
probe the spacetime noncommutativity at the future collider.
3.2 Inferring κ in the light of azimuthal anisotropy
The azimuthal angular distribution of the top quarks pair (after reconstructing the pT of the
top quark) can be an useful tool to probe the beyond the standard model (BSM) physics.
Since Θ0i 6= 0 in our Θµν structure which is invariant under VSR Lorentz group symmetry, it
makes NC theory rotationally non invariant. Here the non zero Θ0i produces the azimuthal
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Figure 4. The figure shows normalized azimuthal anisotropy when κ = −0.3 at √s = 1.4TeV.
Inset shows that the normalized azimuthal anisotropy for κ < 0 and the azimuthal angle φ taken
between pi2 and 3
pi
2 .
anisotropy through momentum weighted Θ product which is p4Θp3. The amplitude of
the anisotropy is gradually decreases by f(1/Λ2). Depending up on the values of κ, the
normalized azimuthal distribution has two different behaviour which is cos2(f(1/Λ2) cos[φ])
for 0 > κ > −0.596 in Fig.4 and sin2(f(1/Λ2) cos[φ]) for κ > 0 and κ < −0.596 in Fig.5.
This behaviour dominantly coming from equation A.12 in the domain 0 > κ > −0.596
and κ > 0 and κ < −0.596 respectively. However, the prediction of the signature of
spacetime noncommutativity in these two domain are quite different. The domain κ > 0
has discussed in the above Sec.3.1 and the allowed region of the optimum lower bound on
Λ are shown in Fig.3 (Right plot). The statistical analysis is the prominent way to find
the signature of the spacetime noncommutativity which can be considered in the domain
where 0 > κ > −0.596. So one can choose the azimuthal anisotropy as an observable to do
– 11 –
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Figure 5. Same as Fig.4 for κ = 0.3 at
√
s = 1.4TeV. Inset shows that the normalized azimuthal
anisotropy for κ > 0 and the azimuthal angle φ taken between pi2 and 3
pi
2 .
statistical analysis namely χ2 analysis. The azimuthal asymmetry would give the fluctuated
(excess or less) number of events around standard model flat value from φ = 0 to φ = 2pi.
Here we have taken twelve bins, each has φ = pi/6 and totally eleven d.o.f in the χ2 value.
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Figure 6. The left (right) figure depicts χ2 statistical test (95%C.L) of the noncommutative
signal event arises due to azimuthal anisotropy at
√
s = 1.4 TeV (
√
s = 3.0 TeV).
The χ2 has defined as
χ2(Λ) =
12∑
i=1
(NNCSMi (Λ)−NSMi )2
NSMi
; Ni = L
∫
dσi
dφ
dφ
The Fig.6 depicts the statistical value of χ20.050 = 19.675 for both
√
s = 1.4 TeV and√
s = 3.0 TeV for given integrated luminosity L. Thus the luminosity contours excludes
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the lower bound at 95% confidence level in the κ − Λ plane. The lower limit on the NC
Integrated luminosity (L) 100 fb−1 500 fb−1 750 fb−1 1000 fb−1
Lower limit on Λ:
√
s = 1.4TeV 1.011TeV 1.235TeV 1.306TeV 1.352TeV
Lower limit on Λ:
√
s = 3.0TeV 1.775TeV 2.20TeV 2.318TeV 2.406TeV
Table 1. The lower bound on noncommutative scale Λ (95%C.L) obtained by χ2 analysis at
κmax = −0.296 for four different integrated luminosity.
scale Λ (95%C.L) at κmax = −0.296 is given below in table.1. Here one can notice that the
noncommutative scale is sensitive to the integrated luminosity (L) which is more clearly
given in the Fig.13. The slope of the luminosity curve in the Fig.13 (red curve) is smaller
in the higher luminosity region than the lower luminosity region. Such type of luminosity
sensitivity has noticed in [87, 88]. In [88], authors considered profile likelihood ratio for two
hypothesis test which is signal+background and background. We consider the background
events as a SM tt pair events, thus our analysis simply boils down in to χ2. So one can
compare the behaviour of Λ from those two different approaches which are quite same
results though they are different final production states too.
4 Helicity amplitude techniques in Θ-exact NCSM
The study of polarization allows us to probe the chirality of the interactions between the
top quark and gauge bosons in the SM as well as NCSM. The top polarization can be
clearly analyzed in the e−e+ collider from t t pair production. We define the spin of the top
quark and anti-top quark as shown in the Fig.7 at the production plane, so the transverse
momentum of the top quark is zero and the spin four-vectors are back to back in the center
of mass frame. Here ŝ is the spin vector of the top quark which makes an angle χ with
e
-
e
+
t
t
t
t
e
+
e
-
St

χ
Top quark rest frame
Recoil direction
θ
Center of mass frame
Figure 7. Top and anti-top production in the COM frame and top spin vector in the top rest
frame.
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anti-top quark in the recoil direction. In the special case, we take the spin angle χ = 0 or
pi, which tells that the spin direction is along the direction of the top quark momentum and
it defines the helicity states of the top quark in the t t rest frame. If the massive top quark
four momentum is Pµ = (E; −→p ) then the spin four-vector defined as[89, 90]
sµ = (2λ)
1
m
(|−→p |; E p̂) (4.1)
Here (2λ) = ±1 is the twice of the spin 1/2 particle helicity (λ) and the spin four-vector
satisfies s.p = 0 and s.s = −1. One can derive the helicity projection operators as follows
u(p, λ)u(p, λ) =
1
2
(1 + γ5/s)(/p+m) (4.2)
v(p, λ) v(p, λ) =
1
2
(1 + γ5/s)(/p−m) (4.3)
Here we works in the commutative limit of the spacetime noncommutativity which does not
change the Lorentz structure of the top quark spin. The generic differential cross section
in the helicity amplitude technique at the center of mass frame (CM) for a(λa) + b(λb) −→
c(λc) + d(λd) is
dσ
dΩCM
=
1
64pi s
(
pf
pi
) ∑
λaλbλcλd
|Mλaλb;λcλd |2
Here pi(pf ) is the initial (final) CM momentum,
√
s is the CM-energy and dΩCM =
d cos θdφ. The detailed expressions for matrix element squared of all non vanishing he-
licity states are given in the appendix A.3.
4.1 Helicity correlation and top quark left-right asymmetry
Helicity correlation
The top quark is the heavier quark in the standard model. It decays weakly into b quark
andW boson before hadranization process happens. In fact the lifetime (τt ≈ 5×10−25s) of
the top quark is lesser than hadranization time (τQCD ≈ 1/ΛQCD = (200MeV )−1 ≈ 3.3×
10−24s)[93, 94, 96] as well as spin-decorrelation time (τspin ≈ mt/Λ2QCD ≈ 3× 10−21s) from
spin-spin interactions with the light quarks generated in the fragmentation process[95, 97].
If the top quark spins are correlated when they are produced as a pair then their decay
products are correlated with their spin and hence the decay products of the top quarks are
correlated by naturally. The t t spin correlation reported in the CDF II detector [95, 104] by
reconstructing lepton plus jets decay channel from p p collisions. The measurement agrees
with the SM QCD calculation by adding gluon fusion process. But the decay width of the
top quark has deviation from SM calculation[101]. In the case of spacetime noncommuta-
tivity, the top decay were studied in the minimal Θ-expanded NCSM[105–107].
However this non-minimal Θ-exact SW map approach will not participate in the tree level
top decay, it appears only in the loop level. Since there is no right-handed W boson in
the NCSM and we extended non-minimal star product among abelian gauge field and SM
fermions with satisfying the gauge transformation which is given in equation.2.2, one can-
not have a non-minimal coupling κ with top quark in the charged current. Thus the effect
– 14 –
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Figure 8. Helicity correlation between the top and anti-top quark.
of spacetime noncommutativity on spin correlation can be determined from the top quark
pair production.
Considering the top pair production, the measured spin correlation depends on the
choice of the spin basis. There are three types of basis[91], which are i) beam line basis ii)
helicity basis and iii) off-diagonal basis. Here we work in the helicity basis (which admits
the center of mass frame in which the top spin axis is defined) to find the top quark spin
correlation. The helicity correlation factor defined as[91, 92]
Ctt =
σLL + σRR − σLR − σRL
σLL + σRR + σLR + σRL
(4.4)
Here σij (i, j = L,R) represents the total cross section of the final state top, anti-
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Figure 9. Helicity correlation (|Ctt|) between the top and anti-top quark at
√
s = 1.4 TeV in the
presence of positive values of non-minimal coupling κ (Left plot) and also negative (Right plot).
top helicity. Notice that σLL ≡ σRR = 0 when β = 1 i.e
√
s >> mt which is ultra-
relativistic limit. In the ultra-relativistic limit, the helicity correlation is Ctt = −1 when
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LR configuration equals to RL configuration in the tt pair production which are solely due
to left-right helicity symmetry at high energy.
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Figure 10. Same as Fig.9 for
√
s = 3.0 TeV.
The top quark SM helicity correlation as shown in Fig.8, which are Ctt = −0.9518(−0.9894)
at
√
s = 1.4(3.0) TeV respectively. Here the negative sign emphasize that the opposite final
state helicity cross section are usually dominant over the one with same helicity final state
cross section in the e−e+ colliders. In the region where κ > 0 and κ < −0.596, the NC
helicity correlation is lesser than the SM helicity correlation for all values of NC scale Λ and
when Λ → ∞ one recovers the SM results. The another region 0 > κ > −0.596, the value
of Ctt reduces gradually when the NC scale increases. But here the NC helicity correlation
are greater than the SM correlation.
Notice that the region Λ < 350GeV at
√
s = 1.4TeV and Λ < 800GeV at
√
s = 3.0TeV are
excluded because which are arises due to unphysical oscillatory behaviour near lower values
of NC scale. The top quark correlations for κ > 0 and κ < −0.596 are given in Fig.9
and Fig.10 which shows that the optimal correlation values than SM value are located at
Λ ≈ 520 GeV (√s = 1.4 TeV) and Λ ≈ 1150 GeV (√s = 3.0 TeV) respectively. Thus one
can conclude that if any measured helicity correlation deviates from SM, our result will
put a lower bound on NC scale which are Λ ≥ 520GeV (√s = 1.4TeV) and Λ ≥ 1150GeV
(
√
s = 3.0TeV) respectively. The non-minimal coupling κ can be arbitrary in the positive
region which can be restricted by statistical significance of the experimental results but in
the negative region it can be taken as κmax = −0.296.
Top quark left-right asymmetry
In the top quark pair production, we can predict the dominant helicity of the top quark by
calculating the top quark left-right asymmetry. The polarized top quark decay produced
b quark and longitudinally polarized W boson dominantly. The ratio of the decay rate for
polarized top quark and unpolarized top quark (F0 =
[
Γ(t→ bWL)/Γtotal(t→ bW )
]
) was
measured by CDF[101] which is F0 = 0.91 ± 0.37 ± 0.13. The SM value is F0 = 0.701. In
the non-minimal model, there is no change in the decay rate, however, it gives an insight
about non-minimal coupling κ and NC scale Λ when left handed top quark produced from
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Figure 11. Final state top quark left-right asymmetry
e−e+ annihilation. Thus it is useful to compute top quark left-right asymmetry[102, 103].
AtLR =
σ(e−e+ −→ tLt)− σ(e−e+ −→ tRt)
σ(e−e+ −→ tt) (4.5)
In the numerator while obtaining cross section, we have summed over the initial state
helicity for electron and positron as well as final state hecility of the anti-top quark except
final state top quark helicity, in the denominator, we have summed over all the helicity
states on the incoming and outgoing particles. In Fig.11, we have shown the contour plots
in the κ − Λ plane corresponding to different values of left-right asymmetry (AtLR) of top
quark. The standard model AtLR increases with the increase in the machine energy, as
the production cross-section for left handed top quark is higher than the right handed
top quark production at high energy limit. In the SM, one finds the top quark left-right
asymmetry 20.8%(21.45%) at the machine energy
√
s = 1.4(3.0) TeV. In the negative κ
region, κmax ' −0.43 we get the asymmetry 25% (approx) corresponding to Λ = 840 GeV
at the machine energy
√
s = 1.4 TeV. Similarly, for
√
s = 3.0 TeV, one find asymmetry
upto 28% (approx) for Λ = 1670 GeV.
4.2 Polarized beam analysis
In general, the electron and positron beams can have two types of polarizations which are
transverse and longitudinal polarization. Since we consider the bunch of massless electrons
as a beam at linear colliders, the transverse polarizations are negligible, thus one can define
the total cross section with arbitrary longitudinal polarization (Pe− , Pe+) given by
σPe−Pe+ =
(1− Pe−)
2
(1 + Pe+)
2
σLR +
(1 + Pe−)
2
(1− Pe+)
2
σRL (4.6)
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Where σLR is the total cross section of the top pair production when the initial left-handed
e− beams and initial right-handed e+ beams are considered if fully polarized at Pe− =
−1, Pe+ = +1. The σRL is defined analogously.
σLR =
∑
ht,ht
σLRht ht σRL =
∑
ht,ht
σRLht ht (4.7)
Here ht and ht correspond to the helicity states of the top and anti-top quarks, which are
summed over.The total cross section will enhance when electron and positron beams are
polarized and the signs of Pe− and Pe+ are opposite. This can be realized when the total
cross section written in terms of effective polarization as given below[89, 90].
σPe−Pe+ = (1− Pe−Pe+)σ0(1− PeffALR)
Here the unpolarized total cross section σ0 = (σLR + σRL)/4, left-right asymmetry ALR =
ℒ 500fb-1
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Figure 12. The figure depicts χ2 statistical test (95%C.L) of polarized the noncommutative
signal event arises due to azimuthal anisotropy only considering the −ve region of the κ.The color
line corresponds to Pe− = −80%, Pe+ = 30% and dot-dashed color line corresponds to Pe− =
−80%, Pe+ = 60% for various integrated luminosity
∫ L dt = 100(blue), 500(red), 750(cyan) fb−1
and 1000(megenta) fb−1 at CLIC
√
s = 1.4 TeV (left) and
√
s = 3.0 TeV (right).
(σLR−σRL)/(σLR+σRL) and effective polarization Peff = (Pe−−Pe+)/(1−Pe−Pe+). The
Peff can be achieved −1 when Pe− = −1.0 , Pe+ = 0.0 and Pe− = −1.0 , Pe+ = 1.0. So that
the total cross section enhanced by σ{−1,0} = σ0 + σ0ALR and σ{−1,1} = 2(σ0 + σ0ALR) =
2σ{−1,0} respectively. In the future linear colliders, the polarization can be studied with
Pe− = −0.8 , Pe+ = 0.3 and Pe− = −0.8 , Pe+ = 0.6 which will enhance the total cross
section significantly by following expressions
σ{−0.8,0.3} = 1.24σ0 + 1.1σ0ALR (4.8)
σ{−0.8,0.6} = 1.48σ0 + 1.4σ0ALR (4.9)
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Integrated luminosity (L) 100 fb−1 500 fb−1 750 fb−1 1000 fb−1
κmax = −0.5445 and P{e−,e+} = {−0.8 , 0.3}
Lower limit on Λ:
√
s = 1.4TeV 1.131TeV 1.390TeV 1.462TeV 1.517TeV
Lower limit on Λ:
√
s = 3.0TeV 2.000TeV 2.474TeV 2.606TeV 2.703TeV
κmax = −0.607 and P{e−,e+} = {−0.8 , 0.6}
Lower limit on Λ:
√
s = 1.4TeV 1.172TeV 1.440TeV 1.514TeV 1.570TeV
Lower limit on Λ:
√
s = 3.0TeV 2.075TeV 2.560TeV 2.70TeV 2.80TeV
Table 2. The lower bound on noncommutative scale Λ (95%C.L) and κmax = {−0.5445 , −0.607}
obtained by χ2 analysis when P{e−,e+} = {−0.8 , 0.3} and P{e−,e+} = {−0.8 , 0.6} for four different
integrated luminosity.
Note that the above set of equations are same for all new physics as well as for the standard
model. The beam polarization enhances the new physics signal (S) and suppresses the
background (B) rates by significant increment of S/B or S/
√
B.
In our analysis σ0 and ALR are function of Λ. We made χ2 test for polarized beam
analysis by keeping the azimuthal anisotropy as an observable. The polarization enhances
the lower limit on NC scale and non minimal coupling κmax also. The lower bound on
noncommutative scale is given in the table.2 for four values of integrated luminosity.
S = 3.0TeV
Pe- = -80%, Pe+ = 60%
Pe- = -80%, P e+ = 30%
Pe- = 0%, Pe+ = 0%
S = 1.4TeV
0 200 400 600 800 1000 1200 1400
1000
1500
2000
2500
ℒ (fb-1 )
Λ
(G
e
V
9
5
%
C
.L
)
κ=-0.296
Figure 13. The figure depicts χ2 statistical test (95%C.L) of polarized noncommutative signal
event arises due to azimuthal anisotropy.
The sensitivity of the NC scale Λ on integrated luminosity of the polarized electron
positron beam has given in the Fig.13. In the above Fig.12 we have seen that the polarization
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has pushed κmax = −0.296 into κmax = −0.607 when P{e− , e+} = {−0.8 , 0.6}. But one can
compare the lower bound on NC scale with the unpolarized beam and partially polarized
beam luminosity for fixed value of κmax at −0.296 which is shown in the Fig.13. There are
significant enhancement in the lower limit of the NC scale. If any one of the beam fully
polarized and another one has unpolarized (fully polarized) which gives Peff = 100% and
one can get two (four) times enhancement in the total cross section.
5 Summary and conclusion
We study the top quark pair production e+e− γ,Z−→ tt at the TeV energy linear collider in the
non-minimal NCSM within the framework of covariant Θ-exact Seiberg-Witten approach.
Although the NC tensor Θµν breaks the rotational invariance due to Θ0i 6= 0, however, it
preserves the translational symmetry which is invariant under the T (2) subgroup of VSR.
We study the NC cross section correction observable ∆σ = σNC − σSM corresponding to
the machine energy
√
s = 1.4 TeV as well as
√
s = 3.0 TeV, and presented our result in
terms of the non-minimal coupling κ and the NC scale Λ corresponding to positive and
negative ∆σ. For κmax = −0.296, we find the lower bound on the NC scale Λ ≥ 780(1680)
GeV corresponding to ∆σ ∼ 10% at the machine energy √s = 1.4(3.0) TeV. For a specific
value of Λ at a fixed positive coupling κ, we found a specific optimal collision energy re-
lation which is
√
s0 = 2.52105 Λ + 39.443, may be quite useful to look for the signature
of the spacetime noncommutativity. The normalized azimuthal distribution is found to
vary according to cos2[f(1/Λ2)sinθcosφ] for 0 > κ > −0.596 and sin2[f(1/Λ2)sinθcosφ]
for κ > 0 and κ < −0.596. A statistical χ2 analysis of the azimuthal anisotropy gives rise
a lower bound on Λ = 1.0, 1.2, 1.3, 1.35 TeV corresponding to linear collider luminosity
L = 100, 500, 750, 1000 fb−1 for κmax = −0.296 at the machine energy
√
s = 1.4 TeV.
We perform a detailed helicity analysis of the t t production. We present the helicity
correlation Ctt of the final state top quark and anti-top quark produced with a certain
helicity and found that such a correlation which is constant at
√
s = 1.4(3.0) TeV i.e.
CSM
tt
= −0.9518 , (−0.9894) respectively, varies with the NC scale Λ for different coupling
constant κ in the NCSM.We investigate the sensitivities of the top quark left-right asymme-
try AtLR on the non-minimal coupling κ and the NC scale Λ and find that the asymmetry is
about 25% in the non-minimal NCSM with κmax = −0.43 corresponding to Λ = 840 GeV
at the machine energy
√
s = 1.4 TeV. Further, we perform a detailed χ2 analysis for the
polarized electron-polarized beam with Pe− = −80% and Pe+ = 60% corresponding to the
machine energy
√
s = 1.4 (3.0) TeV for different machine luminosities. We obtain the lower
bound on Λ = 1.17(2.08), 1.44(2.56), 1.51(2.70), 1.57(2.80) corresponding to the machine
luminosity L = 100, 500, 750, 1000 fb−1 for κmax = −0.607. Finally, we studied the
intriguing mixing of the UV and the IR by invoking a specific structure of noncommutative
anti-symmetric tensor Θµν which is invariant under translational T (2) VSR Lorentz sub
group given in the appendix A.1.
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A Removal of UV/IR mixing and NC helicity amplitude calculation
A.1 Removal of UV/IR mixing in the one loop calculation
There are several attempts has been made to solve/remove the UV/IR mixing which are
appears as phase factor due to Moyal product between NC fields in the spacetime non-
commutative field theory. In the Θ−expanded Seiberg-Witten map approach, the UV/IR
mixing disappears [32, 42] and the renormalibility has under control up to one loop O(Θ).
But in the case of Θ−exact Seiberg-Witten map approach, the UV/IR mixing are present
until the noncommutative tensor Θµν takes the special structure. The specific structure of
the Θµν removes the both singularity in the Θ−exact as well as covariant Θ−exact non-
commutative field theory which is given in [45–47]. But those structure of Θµν given in
[45, 46] violates the VSR T (2) translation property.
Here, we have shown that our choice of Θµν removes the UV/IR mixing which satisfy
the translational invariant under VSR group. Since Θ0i 6= 0 in our case, thus the azimuthal
anisotropy play an unique feature to probe the spacetime noncommutativity at particle
colliders.
In order to remove the UV/IR mixing at one-loop self energy correction, R. Horvat et.al.,[46,
47] introduced non-minimal fermion coupling (κ) in the U(1) gauge theory following manner
S
U(1)
f =
∫
−1
4
fµνf
µν + iψ/∂ψ − iΘijψγµ
(
1
2
fij ~ ∂µψ − κfµi ~ ∂jψ
)
(A.1)
Where fµν = ∂µaν − ∂νaµ. Eventually, we get following feyman rule for massless neutral
fermion-fermion- photon interaction
−eF˜~(p, q)
[
κ
(
/q(Θp)
µ − (qΘp)γµ)− (Θq)µ/p] (A.2)
Here p is the fermion momentum which flows towards vertex and q is the photon incoming
momentum. Note that
[f, g]? = iΘ
ij∂if ~ ∂jg
In principle,
[Aµ, ψ]? = Aµ ? ψ − ψ ? Aµ
Thus the covariant derivative for neutral fermion can be written as
Dµψ = ∂µψ − iκ [Aµ, ψ]?
When κ = 0, we get the commutative interaction which is not consider in eqn. A.2. We
can realize that κ is the non-minimal NC coupling, the strength of the neutral fermion and
abelian gauge field interaction is proportional to κ e, which is shown in eqn.2.12. We follow
the SU?(2)L ⊗ U?(1)Y fermion action which is given in [47, 73], allows the interaction be-
tween neutral right handed fermion and abelian gauge field in the constant anti-symmetric
background field. Let us consider the massless neutral fermion one-loop self energy correc-
tion in the covariant Θ−exact NCSM as follows
Σ1 = −(κ e)2µ4−D
∫
dDq
(2pi)D
−iηµν
q2
F˜~(p, q)
[
(qΘp)γµ + /p(Θq)
µ − /q(Θp)µ
] i/p+ /q
(p+ q)2
F˜~(p, q)
[−(qΘp)γν − /p(Θq)ν + /q(Θp)ν] (A.3)
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Figure 14. Neutral fermion (Neutrino) one-loop self energy Feynman diagram (Σ1).
Where F˜~(p, q) = 2
(
sin((qΘp)/2)
qΘp
)
. Our results and ref [47] results are differs only by multi-
plication factor which is κ2. Apart from bubble diagram other tadpole one-loop diagrams
(Σ3 , Σ4) vanishes due to charge conjugation symmetry (Θ
µν
C = −Θµν) as shown in ref [47].
The four field tadpole (2-fermion 2-photon) one-loop (Σ2) vanishes which can be easily
viewed when ηµνV
µν
3 (p,−p, q, q) = 0, the four field interaction V µν3 (p,−p, q, q) can get from
eqn (2.10) in ref[47]. Eventually, the non-vanishing bubble diagram (as shown in fig.14) has
to be evaluate. We follow
• presence of qΘp dimensionless scalar quantity in the denominator, we use HQET
parametrization [108] to combine all quadratic and linear denominator.
• we use Schwinger technique to turn the denominator into Gaussian integrals and
absorb NC phase factor into that.
• we calculate all the integrals which are presented in the numerator by using [109].
In field theory, if the Hamiltonian has positivity properties then we can analytically continue
to imaginary values of time along adopting the Weyl’s unitarity trick which leads Euclidean
field theory of causal propagation with positive energies. The analytic continuation is
defined by the rotation of the vector in the complex plane an angle of pi/2 about the
origin namely Wick rotation. Therefore one can go from Minkowski spacetime to Euclidean
spacetime by replacing the time t by i t and the energy p0 by i p0. In our NCQFT, the
analytic continuation demands that the noncommutative space-time (NCST) component
Θ0i undergo Θ0i → −iΘ0i and leaves invariant Moyal phase (qΘp) under Wick rotation
[48, 49]. Here the time component of four momenta undergo q0 → iq0 and p0 → ip0 by
Wick rotation, q is loop momenta and p is external momenta. The noncommutative space-
space (NCSS) component remains same like three-momenta (pi) by Wick rotation. After
Schwinger parametrization, we get the same Euclidean integrals which is shown in ref [47].
The integrals I123 equation (A.1), I456 equation (A.7) and I789 equation (A.8) in ref [47]
has to satisfy the important unitarity condition thereby the Euclidean term (p˜)2(= (Θp)2)
should be positive. Such term arises from the Schwinger parametrization and redefined loop
momenta l. The loop momenta l is still invariant by Wick rotation using the dual property
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of VSR NC tensor i.e duality of NCST (Θ0i) and NCSS (Θ3i). We can back to Euclidean to
Minkowski by analytic continuation. In order to do that, we have to prove (p˜)2 is positive in
Minkowski spacetime, otherwise the integral would not converge and can’t achieve unitarity
[48, 49]. Our case we get,
p˜2 =
1
Λ4
(a2 + b2).(p0 − p3)2 = θ2p2− =⇒ Always positive
Here a and b are real and θ2 = 1
Λ4
(a2 + b2) and p− is the back-ward lightcone momentum
of the propagating neutral particle. Since p˜2 is positive, the Light like spacetime VSR
noncommutativity obeys the unitarity property perturbatively. After long calculation we
get simplified equation A.3 for D = 4−  and in → 0 limit,
Σ1 = −(κ e)2γµ
[
pµA+ (ΘΘp)µ p
2
(Θp)2
B
]
(A.4)
Here
A = 1
(4pi)2
[(S1 + 2S2)A1 + (1 + S1 + S2)A2] (A.5)
B = − 2
(4pi)2
A2 (A.6)
A1 = 2

+ ln
(
pieγEµ2(Θp)2
)
+
1
2
∞∑
k=1
√
pi
Γ (k + 1) Γ
(
k + 32
) (p2(Θp)2
16
)k
A3
A2 = 2− 1
2
∞∑
k=0
√
pi Γ
(
k + 12
)
Γ (k + 1) Γ
(
k + 32
)
Γ
(
k + 52
) (p2(Θp)2
16
)k+1(
A3 + ψ0
(
k +
1
2
)
− ψ0
(
k +
5
2
))
A3 = ln
(
p2(Θp)2
16
)
− ψ0 (k + 1)− ψ0
(
k +
3
2
)
(A.7)
Where ψ0(z) are di-gamma functions and γE ' −0.577215 is Euler-Mascheroni constant.
Further S1 and S2 are scale independent Θ ratios. We get the scalar quantity ΘµνΘµν in
S1 which arises after integrating the loop momenta.
S1 = p
2 ΘµνΘ
µν
(Θp)2
; S2 = p
2 (ΘΘp)
2
(Θp)4
; (A.8)
We know that (Θp)2 is always positive, then the above equations are valid in the Minkowski
spacetime, Which means that the Euclidean 4D space results are same in the Minkowski
4D spacetime by analytic continuation according to Weyl’s trick in field theory[48, 49]. By
looking at the equation 2.6, one can conclude that S1 = 0 and by using equation 2.9, we
get (ΘΘp)2 = 0 for all value of p. The UV/IR mixing and hard 1/ UV divergence vanishes
but IR divergence still present in the NC theory.
Σ1 = (κ e)
2 1
(4pi)2
[
/p− 2/˜p p
2
(Θp)2
]
A2 (A.9)
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Here p˜µ = (ΘΘp)µ = ΘµνΘνρpρ. Interestingly, /˜p can be written as
(p˜)2
/˜p
, and (p˜)2 = 0∀ p
by VSR, thereby the quadratic IR singularity disappears. At last, we have arrived the
logarithmic IR singularity with convergent sum of fk(p, p˜) as follows,
Σ1 = (κ e)
2 /p
8pi2
[
1−
√
pi
4
(
p2p˜2
16
){
ln
(
p2p˜2
16
) ∞∑
k=0
fk(p, p˜) +
∞∑
k=0
ψk0 f
k(p, p˜)
}]
(A.10)
Here fk(p, p˜) =
(
p2p˜2
16
)k
Γ
(
k + 12
)
Γ (k + 1) Γ
(
k + 32
)
Γ
(
k + 52
) , and ψk0 is related to di-gamma function,
which is ψk0 = ψ0(k + 1/2)− ψ0(k + 1)− ψ0(k + 3/2)− ψ0(k + 5/2)
The IR divergence pay the attention on motion of the particle inside noncommutative
plane which results that the spatial extension Θp cannot shrink to zero [45]. On the
other hand, the IR singularity can be removed by re-summing the propagator analogous to
finite temperature field theory and introducing appropriate counter term in the interaction
Lagrangian. We will discuss more in the near future work.
In the scalar field theory, the mass of the scalar is far from UV scale, thus one can think
of the naturalness of the scalar mass UV physics knows nothing about the theory in the far
IR. Instead of introducing the new symmetries and extra-dimensions one might hope that
connecting the far IR and far UV can solve the naturalness problem [31]. Interestingly, the
NCQFT and quantum gravity exhibit the UV/IR mixing by its nature. Recently proposed
weak gravity conjecture (WGC) [29, 30] on the form of hierarchical UV/IR mixing restricts
the mass of the scalar to a IR scale far below the UV scale which is associated to quantum
gravity. Here we have given a glimpse of WGC on non-vanishing NC scale parameter
Θ which was considered in [112, 113]. Consider the construction of the soliton in 2 + 1
dimensional NC scalar field theory, in general 2l + 1 dimensional theory[110, 111] one can
understand the feature of the NC parameter Θ. Where l is 1, 2, ... According to Derrick
theorem, the kinetic and potential energies are decreases when all length scale are shrinks as
L→ λL, consequently no finite-size minimum can occur at λ→ 0. But in the NC scenario,
the Derrick theorem fails by existence of classically stable GMS soliton [110, 111] in the
presence of distinguished length scale
√
Θ especially in 2+1 spacetime. Here Θ is the eigen
value of the Θµ ν . In the weak gravity limit, the soliton is presented in the two-dimensional
consistent quantum gravity system which is of reduction in the higher dimension. If the
gravity coupling increases these soliton disappears then there are no more massive particle
and S-matrix breaks down. Thereby the quantum theory survives only in the weak gravity
region. Based on Nima Arkani-Hamed et.al., weak gravity conjecture[29], the authors in
ref [112, 113] proposed the NC version of weak gravity conjecture for scalar field theories
which is the effect of gravity would give a much smaller correction to the scalar field theory,
thus in higher dimension (
λ
µ2
)α
& G (A.11)
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Thereby we get the solution for Θ when the massive soliton will generate a deficit angle in
the metric which satisfies (8piGE) < 2pi is
1
G
& Θµ
2
(λ/µ2)α
>
(
µ2
λ
)α
.
Where E is the soliton energy, G is the Newton’s constant which is proportional to M−2pl in
D dimension and µ , λ and α = 2/(n− 2) are mass of the scalar, coupling of n interacting
scalar and O(1) parameter for n = 4 in D dimension respectively. It is naturally gives
SM electroweak scale is lower than Planck scale i.e. (µ/
√
λ) . Mpl assuming in the 3 + 1
spacetime and when Θ takes
Θ > 1
µ2
Though the results are trivial but there is no supportive evident for this conjecture [113]
when the NC soliton to be presented in the 3+1 dimensional spacetime. But the conjecture
A.11 is similar to WGC given in ref [29] for scalar field theories. Although the 2 + 1 and
3 + 1 dimensional spacetime solitonic solution turns into equivalent when considering the
φ3 scalar interaction which is shown in [113] i.e Θ > 1
µ2
. In addition, the local degrees of
freedom per spacetime point for D dimensional spacetime is D(D− 3)/2. Thus, there is no
propagation of the gravity(massless) in D = 3 dimensional spacetime.
A.2 NC differential cross section
Here we present the covariant Θ-exact NCSM differential calculation by using VSR T(2)
invariant antisymmetric tensor Θµν . One can calculate the differential cross section by
using the Feynman rule given in (2.14,2.15,2.16,2.17).
For the photon mediated process, one finds
dσγ
dΩ
=
(
α2βAfQ
2
e
16s
)(
(1 + cos2 θ) +
(
4m2
s
)
sin2 θ
)(
Q2t + fγ(κ,Λ,
√
s)
)
(A.12)
where the NC contribution stems from
fγ(κ,Λ,
√
s) = 4κ(κ+Qt) sin
2
(
p4Θp3
2
)
(A.13)
The signature of the noncommutativity arises from the term p4Θp32 =
(
s β
4Λ2
)
sin θ cosφ.
Here θ is the polar angle which is defined w.r.t the electron beam axis i.e along the z-axis
and φ is the azimuthal angle. The factor β =
√
1− 4m2ts and s is the squared c.o.m energy.
Similarly, the differential cross section for the Z boson mediated s channel process can be
written as
dσZ
dΩ
=
(
α2βAf
16 sin4 2θw((s−mZ)2 + (ΓZmz)2)
){
fZSM + fZ(κ,Λ,
√
s)
}
(A.14)
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where
fZSM = s(β cos θ)
2(C2ae + C
2
ve)(C
2
at + C
2
vt) + 8sβ cos θCaeCveCatCvt
+(C2ae + C
2
ve)
(
(s− 4m2)C2at + (s+ 4m2)C2vt
)
, (A.15)
fZ(κ,Λ,
√
s) = (s− 4m2) cos2 θ(2 sin θw)2
{
(C2at + C
2
vt)2κCve
−8κsβ cos θCatCve(2 sin θw)2 sin2
(
p4Θp3
2
)
+(C2ae + C
2
ve)((2κ sin θw)
2 sin2
(
p4Θp3
2
)
+ 2κCvt)
}
.
The photon and the Z boson mediated diagrams interfere and contributes to the differential
cross section given by
dσγZ
dΩ
=
(
α2βAf
16s sin2 2θw((s−mZ)2 + (ΓZmz)2)
)
{
2(s−mZ)2QeQt
(
2sβ cos θCaeCat +
(
(1 + cos2 θ) +
(
4m2
s
)
sin2 θ
)
CveCvt
)
+fγZ(κ,Λ,
√
s)
}
(A.16)
The term which contains the noncommutative correction is given by
fγZ(κ,Λ,
√
s) = 4Qeκsβ cos θCaeCat sin
(
p4Θp3
2
){
2(s−mZ)2 sin
(
p4Θp3
2
)
−2(mZΓZ) cos
(
p4Θp3
2
)}
+s
(
(1 + cos2 θ) +
(
4m2
s
)
sin2 θ
)
CveQe sin
(
p4Θp3
2
)
{
2(s−mZ)2 sin
(
p4Θp3
2
)[
2κCvt − κ(2 sin θw)2(2κ+Qt)
]
−2(mZΓZ) cos
(
p4Θp3
2
)[
κQt(2 sin θw)
2 − 2κCvt
]}
(A.17)
Here m is the top quark mass and Af = Cf × 4 × 0.389 × 109. The factor Cf (= 3) is the
quark color factor and other one is a GeV−2 to pb conversion factor.
A.3 NC matrix elements square in the helicity amplitude technique
Here we present the NC matrix elements square in the helicity amplitude analysis. We can
calculate the helicity differential cross section by using the Feynman rule 2.12 and 2.13. For
the photon (γ) mediated t t process, the differential cross section
dσγ
dΩ
=
βAf
64pi2s
∑
he− ,he+ , ht, ht
|Mγ |2he−he+ ht ht (A.18)
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Here Af = Cf × 1× 0.389× 109. hf (= λ) is the helicity of the fermions f = e± and t, t.
The amplitude square |Mγ |2he−he+ ht ht for different helicity combination of the initial and
final state particles are given by,
|Mγ |2LRLL = |Mγ |2LRRR = |Mγ |2RLLL = |Mγ |2RLRR = F sin2 θ (A.19)
|Mγ |2LRLR = |Mγ |2RLLR = F
(
1 + cos θ
2
)2
(A.20)
|Mγ |2LRRL = |Mγ |2RLRL = F
(
1− cos θ
2
)2
(A.21)
Here F = 64pi2α2m2Q2e
(
Q2t + f
h
γ (κ,Λ,
√
s)
)
, L and R represents the left-handed and the
right-handed helicity of the scattering particles (i.e. initial and final state particles). For
the Z boson mediated t t process, the differential cross section
dσZ
dΩ
=
βAf
64pi2s sin4 2θw[(s−m2Z)2 + (mZΓZ)2]
∑
he− ,he+ , ht, ht
|MZ |2he−he+ ht ht
The amplitude square |MZ |2he−he+ ht ht for different helicity combination of the initial and
final state particles are given by,
|MZ |2LRLL = |MZ |2LRRR = 64pi2α2m2 (4s)(glez)2
(
C2vt + f
h
Z 0(κ,Λ,
√
s)
)
sin2 θ(A.22)
|MZ |2RLLL = |MZ |2RLRR = 64pi2α2m2 (4s)(grez)2
(
C2vt + f
h
Z 0(κ,Λ,
√
s)
)
sin2 θ(A.23)
|MZ |2LRLR = 64pi2α2 (s)(glez)2(1 + cos θ)2
{
Cat(Cat(s− 4m2) + Cvt s β)
+sCvt(Cvt + Cat β) + f
h
Z +(κ,Λ,
√
s)
}
(A.24)
|MZ |2RLLR = 64pi2α2 (s)(grez)2(1 + cos θ)2
{
Cat(Cat(s− 4m2) + Cvt s β)
+sCvt(Cvt + Cat β) + f
h
Z +(κ,Λ,
√
s)
}
(A.25)
|MZ |2LRRL = 64pi2α2 (s)(glez)2(1− cos θ)2
{
Cat(Cat(s− 4m2)− Cvt s β)
+sCvt(Cvt − Cat β) + fhZ−(κ,Λ,
√
s)
}
(A.26)
|MZ |2RLRL = 64pi2α2 (s)(grez)2(1− cos θ)2
{
Cat(Cat(s− 4m2)− Cvt s β)
+sCvt(Cvt − Cat β) + fhZ−(κ,Λ,
√
s)
}
(A.27)
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Finally, the interference term arising from the γ and Z boson mediated diagrams, is
dσγZ
dΩ
=
βAf
64pi2s sin2 2θw[(s−m2Z)2 + (mZΓZ)2]
∑
he− ,he+ , ht, ht
|MγZ |2he−he+ ht ht (A.28)
The amplitude square |MγZ |2he−he+ ht ht for different helicity combination of the initial and
final state particles are given by,
|MγZ |2LRLL = |MγZ |2LRRR = 64pi2α24m2Qe glez sin2 θ
{
(s−m2Z)QtCvt
+fhγZ 0(κ,Λ,
√
s)
}
(A.29)
|MγZ |2RLLL = |MγZ |2RLRR = 64pi2α24m2Qe grez sin2 θ
{
(s−m2Z)QtCvt
+fhγZ 0(κ,Λ,
√
s)
}
(A.30)
|MγZ |2LRLR = 64pi2α2 (s)Qe glez (1 + cos θ)2
{
(s−m2Z)Qt(Cvt + Cat β)
−fhγZ +(κ,Λ,
√
s)
}
(A.31)
|MγZ |2RLLR = 64pi2α2 (s)Qe grez (1 + cos θ)2
{
(s−m2Z)Qt(Cvt + Cat β)
−fhγZ +(κ,Λ,
√
s)
}
(A.32)
|MγZ |2LRRL = 64pi2α2 (s)Qe glez (1− cos θ)2
{
(s−m2Z)Qt(Cvt − Cat β)
−fhγZ−(κ,Λ,
√
s)
}
(A.33)
|MγZ |2RLRL = 64pi2α2 (s)Qe grez (1− cos θ)2
{
(s−m2Z)Qt(Cvt − Cat β)
−fhγZ−(κ,Λ,
√
s)
}
(A.34)
We see that the noncommutative contribution for the top pair production at the linear
collider as calculated by using the helicity amplitude techniques, solely depends on the
following VSR sub-group T (2) invariant functions fhγ , fhZ0, f
h
Z±, f
h
γZ0, f
h
γZ± which are defined
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below:
fhγ (κ,Λ,
√
s) = 2(2κ)(κ+Qt) sin
2
(
p4Θp3
2
)
(A.35)
fhZ0(κ,Λ,
√
s) = (2 sin θw)
2 sin2
(
p4Θp3
2
)[
(2κ sin2 θw)
2 + 2κCvt
]
(A.36)
fhZ±(κ,Λ,
√
s) = s(2 sin θw)
2 sin
(
p4Θp3
2
){
κCvt
+ sin
(
p4Θp3
2
)
[(2κ sin θw)
2 ∓ 2κCat]
}
(A.37)
fhγZ0(κ,Λ,
√
s) = (s−m2Z) sin
(
p4Θp3
2
){
2 sin
(
p4Θp3
2
)
(2κ sin θw)
2
+κ cos
(
p4Θp3
2
)
[2Cvt +Qt(2 sin θw)
2]
}
+(mZΓZ)κ sin
2
(
p4Θp3
2
)
[2Cvt −Qt(2 sin θw)2] (A.38)
fhγZ±(κ,Λ,
√
s) = (s−m2Z) sin2
(
p4Θp3
2
){
2(2κ sin θw)
2 +Qt κ (2 sin θw)
2
+2κ (Cvt ± Cat β)
}
+ (mZΓZ) sin
(
p4Θp3
2
)
cos
(
p4Θp3
2
)
[
2κ (Cvt ± Cat β) + κQt(2 sin θw)2
]
(A.39)
It is worthwhile to note that the set of equations from A.19 to A.39 are, in principle, appli-
cable to any generic fermion pair production e−e+
γ/Z−−→ f f at the Linear Collider. In case
the final particles are leptons, one need to replace Cvt, Cat, Qt and m by Cvl, Cal, Ql,ml and
Cf = 1, respectively. Similarly, for quarks, one can substitute charge,mass and couplings
of the quarks accordingly. Furthermore, these equations can easily be extended to par-
tonic level pair production at the LHC as well. For gluon calculation, one has to compute
proper polarization contribution. Assuming the partons to be massless, we can substitute
Qe = Qquark, glez = glqz and grez = grqz in above equations (A.19-A.39). Here we take
glfz = T
f
3 −Qf sin2 θw grfz = −Qf sin2 θw
Finally, one needs to substitute the proper average color factor as well.
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